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Abstract. Sufficient conditions for factoriality are given for free products of von Neumann algebras with respect to states 
that are not necessarily traces. The Connes T-invariant of the free product algebra is found, which has implications for the 
type of the algebra. Roughly speaking, the free product of von Neumann algebras with respect to states, one of which is 
not a trace, is a type III factor. 



Introduction. In this paper, we examine free products of (not necessarily injective) von Neumann algebras with 
respect to states that, in contrast to the cases studied in [D3], need not be traces. Our main theorem gives sufficient 
conditions for the free product to be a factor, and using it we are also able to make conclusions about the type of 
the free product factor. Similarly to the results of [D3] , for factoriality of the free product it suffices that the original 
algebras not be too "lumpy," i.e. not have big minimal projections. However, in contrast to [D3], the sufficient 
conditions given here are far from necessary for factoriality. Connes' T-invariant is computed for the free product 
factor in terms of the original algebras and states, and this allows one to determine, in the case of separable preduals, 
if the free product factor is type III, and to gain information about its classification as type IIIa- Roughly speaking, 
the pattern for the type classification obtained is that as long as the states with respect to which we take the free 
product are not all traces, we get a type III factor, and it is type IIIa, where we are able to specify A to within a 
choice of two values, one of which is 0. 

Since the appearance of Voiculescu's free probability theory in the mid '80's, (see [VDN] and references con- 
tained therein), and more specifically since Voiculescu's random matrix model for freeness [V3], there has been steady 
progress in understanding the free group factors and free products of finite von Neumann algebras, 
[V2,R1,R2,R3,R4,D1,D2,D3]. For example, in [D3] the free product of any two finite injective von Neumann algebras 
was found and expressed in terms of the interpolated free group factors [D2], (see also [R3]), via "free dimension." 

More recently, in [R4] F. Radulescu exhibited a 1-parameter group of trace-scaling automorphisms of L(Foo) ® 
B{"K). In [R5], he showed that if ip\ is the state on the 2x2 matrices M2(C) defined with respect to a system 
of matrix units {e L j \ i,j = 1,2} by ip\( e i2) = 0, tpx(en) — and ipx(^22) = j^j ^ or some < A < 1, then 
the free product of a diffuse abelian von Neumann algebra with (M2(C), 1S a type IIIa factor having a discrete 
decomposition given by the appropriate subgroup of the 1-parameter group from [R4] . 

Note also the related work of L. Barnett [B]. 

One of A. Connes' great achievements is his classification of type III factors in terms of trace scaling automor- 
phisms of type IIqo factors [C]. The type III factors are differentiated as type IIIa, (0 < A < 1). Recall that his 
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I or II 


if S(M) 


= {1} 


IIIo 


if S(M) 


= {0,1} 


IIIa 


if S(M) 


= {0} U {A™ n e Z}, < A < 1 


IIIi 


if S(M) 


- [0,+oo). 



invariant S'(Al) is the intersection of the spectra of the modular operators A^,, as <j> ranges over the set of all normal, 
scmifinite, faithful (n.s.f.) weights on M. The Connes classification is then that 



M. is type 



Connes defined another invariant T(A4) = {t e R | af E Int.M}, where (erf )teR is the modular automorphism 
group of M. corresponding to the n.s.f. weight <f>, and Int.M is the group of inner automorphisms of M.. He proved 
that this set is independent of <f> and also that if t e T(M), then there is an n.s.f. weight tp such that erf = id. This 
invariant T(M) is related to the type classification of factors as follows: 

if M. is type I or II 
T{M)={ {0} if M is type IIIj 




if Al is type III A , A e (0,1). 

If a von Neumann algebra M has separable predual, then T(M) = R if and only if M is semifmitc, (see [S], 27.2). 
Thus for a given factor M. with separable predual, knowing T(M) allows one to decide if M is type III, and if so to 
specify the A-classification to within a choice of at most two, one of which is III . 

Definition 0. Let be an n.s.f. weight on a von Neumann algebra M, and let (af) teR be the resulting modular 
automorphism group of M. We define 

I(M,<f>) ={t eR| erf = id}, 

which is clearly an additive subgroup of T(M). Note that since 1 1— > erf is continuous in the pointwise-strong topology 
on Aut(M), we have that I(A4, <fr) is a closed subgroup of R. 

Our main theorem shows that for "most" families of von Neumann algebras with states ((-M t , <fit,))i.ei, if (A4, (f) — 
* t (M L , 4> t ) is their free product, then T{M) = I(M, <j>) = f\ e / I(M t , </>,.). 

In §1, we prove a certainly well known result about the modular automorphism group of a free product. In §2 
we define a technical quantity, called the expansion factor of a von Neumann algebra with a specified state, prove 
some lemmas about this quantity and prove our main theorem. In §3 the expansion factors of several von Neumann 
algebras are calculated, allowing one to decide when the hypotheses of our main theorem are satisfied. In §4 appear 
examples of specific results that follow from the main theorem, and also some limitations of the main theorem. 
§1. The modular automorphism group of a free product 

Let us review the construction of the free product of von Neumann algebras [VI] and then show that the 
modular automorphism (with respect to the free product state) is the free product of the modular automorphisms 
of the original algebras. This result has surely been known since Voiculescu in [VI] found the modular operator for 
a free product algebra. Let (A4 L ,4> L ) Le i be a family of von Neumann algebras with specified faithful normal states. 
Our notation for the GNS construction is r K l = L 2 (M L , 4> L ) with M. L 3 x x e 5f t , and the distinguished vector 1 is 
denoted by £ t . The Hilbert algebra 2l t = {M.if = -M t £ t is dense in Jf t , and we have the left representation tt l of A4 L 
on "K L given by ~k l (cl)x — (ax)*. The modular operator, A t on < K L , is the unbounded positive operator constructed 
in the following way (see [T,SZ]). The conjugation operator, S L , is the closure of the unbounded operator defined by 
S t (x) = (x*)\ Then A t = S*S,. Note that A t & = 

Consider the free product of Hilbert spaces (with distinguished vectors) ("K, £) = * t (IK t ,^ t ), given by 

^ = cee0( k 1 ®---®k n ), (i) 

n>l ( tl /t 2 /---/t„) 
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where K t is the orthocomplement of £ t in K t . We often identify r K l with C£ K t C IK. There are injective, unital, 
normal *-homomorphisms A t : A4 L — ► B(K), where A t (a) acts essentially "on the first component" of each tensor 

o o 

product in (1). To be precise, for x £ ker</> t and Ci ® ■ ■ ■ ® Cn € K tl ■ ■ ■ we have 

A t (x)C = x 

<2 ® • • • ® Cn + (i"t(a;)Ci - C CJ ® C2 ® • • • ® C™ if fci = t, where c = (7r t (x)Ci, Ci), ( 2 ) 
£ ® Ci ® • • • ® Cn if ti 7^ i, 



A t (a;)(Ci®-"®Cn) = 



and of course in the first case of the second equation above, if n = 1 we take c£- + (7r t (x)Ci — c£ t ). Then the 
free product von Neumann algebra is A4 = {{J ieI \{M. L ))" and has free product state (f>(x) — (x£,£). We write 
(A4, 4>) = *j (A4 t , (j) L ). For case of notation we often suppress the A t and simply think of M L C A4. We sometimes 
write x — ir(x) for x £ M. acting on K, to emphasize the fact that M. acts "on the left." Then K = L 2 (M,<t>) and 
21 = A4 ~ = A4£ is a Hilbert algebra containing the dense subspace 

n>l (l 1 ^=l 2 =£---^l ti ) 

where 2t t = 2l t f|^- Now 

o 00 

where Al tfc = ker<^ tfe , so the conjugation operator, S, for 21 acts on Ci (X 1 • • • ® Cn £ 2l tl ® 1 ' ' ®2li„ by 

S(Cl ® • • • ® Cn) = (S lB Cn) ® ' ' ' ® (&!&)■ 

Thus 

s*(Ci®-"®Cn) = (sr B Cn)®"-®(s: 1 ci) 

and so 

A(Ci ® • • • ® Cn) = (A tl Cl) ® • • • ® (A tn Cn), (3) 

(this was first observed in [VI]). 

Theorem 1. Let (A4,(j>) = * t (A4 , (f>i) be as above and let us write A4 L C A4. Let (<jf l )teR be the modular 
automorphism group of M. L with respect to the state <f> L and let (tJt)te'R. be the modular automorphism group of M. 
with respect to the free product state (f>. Then a t {x) — crf L (x) Vx £ A4 L , which of course determines a t . 

Proof. The modular automorphism is defined by a t (x) = A~**xA rt Vx £ M and crf L (x) = A,7 rt xAf Vx £ M L . 
Writing now the injections A t : M L —> M to be absolutely clear, we must show that a t (X L (x)) = A t (erf' (x)) Vx £ M. L . 

o 

Since every modular automorphism sends 1 to 1, we can concentrate on the case x £ A4 L . But using (2) and (3) 

gives A-**A t (x)A rt £ = A-"A t (x)C = A"**x = A"**x = A"**^ = A^'xAf & = af'(x)C t = = K(<r?W)£. 

But two elements of M. that agree on £- must be equal. □ 

§2 Factoriality and the T invariant of a free product. 

Let (M,4>) be a von Neumann algebra with normal, faithful (n.f.) state, let K — L 2 (M,<j)) have distinguished 

o 

vector £ = 1 and set "K = KG C£. We will denote by K the dual Hilbert space of K, which is just K with conjugate 
scalar multiplication. will denote the orthogonal projection of K onto C£ and P° = I — P^ the orthogonal 

o 

projection of K onto K. M acts by bounded operators on the left of K by n(a)x = {ax)" Va, x £ A4. Hence there is 
the dual anti-representation W of M on K given by 

(C,7f(x)r7) = (tt(x)C,t?) Vx £ M,( £ K, 77 G K. 

Of course, viewing elements of K as being elements of K, we have T(x)r] = ir(x*)rj. 
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Definition 2.1. Recall "K ® "K is equal to the space of Hilbert-Schmidt operators from "K into "K. Consider a 
bounded linear map a : "K — > Al . For weMwe thus have 

7r(a(-))u :?{—>?{. (4) 

Define J{ <g) Al to be the space of a such that the operator in (4) is Hilbert-Schmidt, i.e. n(a(-))v £ !K®3(, for 
every ueM, and furthermore that the norm of w(a(-))v in % <g> !K, (i.e. its Hilbert-Schmidt norm), is uniformly 
bounded for ||u|| = 1. We then say that IHIhs = su P||-y||=i I l 7r ( a (")) t; l \hs- Set a = 7r(a(-))£ £ Ji <g> !K. For (eM 
and i e M the simple tensor £ (g> x € IH <g) Al is given by (£ ® £)(?7) = ((,n)x. Note that for v e K we have 
tt((C ® = C ® (tt(x)w) 

A bounded linear map a : "K — > Al is said to be left-right M. -equivariant if 

a(?f(a)?7) = a(r/)a Va e Al,7? G "K. 

The expansion factor of (Al, <^), denoted ef(Af, 0), is defined to be the largest constant c > such that 

\\(Po®Po)a\\>c\{a,Z®0\ (5) 

J~l JT 

for every left-right M -equivariant a € Of course, if the right hand side of (5) is always zero, we have 

ef{M,<j>) = +oo. 

Remark 2.2. The definitions above become somewhat more transparent, and the expansion factor easier to calcu- 
late, in the case where Al is finite dimensional. For then every linear map a : "K — > Al is a sum of simple tensors, 
hence £ 'K ® M. The definition of left-right Af-equi variance can be rephrased in terms of a only. For a £ Al, 
let p(a) act "on the right" of "K, by p(a)b = (bay Mb £ Al. Then a is left-right Al -equivariant if and only if 
(n(a) ® l)d = (1 ® p{a))a Va £ Al. So let us call X G ® J£ left-right Af-equivariant if (7r(a) ® 1)X = (1 ® p(a))X 
Va e M. Then ef(Al,(/>) equals the infimum of \\(Po ® P„)X\\ such that X £ "K ® J£ is left-right At -equivariant 
and (X, £ ® £) = 1. We will use this to calculate expansion factors in §3. 

Lemma 2.3. Let At be a diffuse von Neumann algebra, i.e. having no nonzero minimal projections, and let <f> be 
any n.f. state on M . Then every left-right M -equivariant element of Jf ® Al equals zero, so ef( M. , <p) = +oo . 

Proof. Let a £ JC® Al be left-right M -equivariant, and let A be a maximal abelian subalgebra (MASA) in Al. It is 
well known that there is a conditional expectation of norm 1, E : At — > A (see [S], 10.15). Let "Ha = L 2 (A, (j)\ A ) C "K 
and = £?oa|— : — > .4. Although Ea is a bounded linear function and I \Ea\\ < I lall, in general Ea $ "Ka®A. 
However Ea is left-right .4-equi variant. Indeed, we have for a £ A and n £ 'Ka that (Ea)(j:(a) r q) — E(a{ 7 K(a) r q)) = 
E(a{rj)a) = E(a(n))a = (Ea(v))a. We will show that Ea must be zero. Let us take A = L°°([0, 1]), 'Ka = L 2 ([0, 1]) 
with respect to Lebesque measure, and denote Ea = T. Thus T : L 2 ([0, 1]) — ► L°°([0, 1]) is bounded linear. The fact 
that Ea is left-right „4-equivariant gives that 

T(fg) = jT(g) V/ e L°°([0, 1]), g £ L 2 ([0, 1]). 

So T is determined by its value at the constant function 1. Suppose for contradiction that T ^ 0. Then T(l) ^ 0. 
Let 5 > and 5 C [0, 1] be measurable of nonzero measure such that |T(l)(f)| > S V£ £ S. Without loss of generality 
we may suppose S 2 [0, R], some < R < 1. For n > 1 let /„ e L°°([0, 1]) be 

t-i/4 if I < t < i 

n — — 

otherwise. 

Then ||/„||2 2 = fi /n t-V 2 dt < 2. But ||T(/ n )|| L « = ||/ n T(l)|| L =o > n^ 4 S for n > ± This contradicts the 
boundedness of T. So T must equal 0. 
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Hence we have shown that for every MASA A C M. and every conditional expectation E : M. — ► A we must 
have £7 o a| ^ = 0. Suppose for contradiction that a^O. Then since W(A4)^ is dense in "K and since a is left-right 
.A/f-equivariant, we must have a(£) = a; 7^ 0. Suppose the real part of x is nonzero, ir c = ""^ 7^ 0, let A be a 
MASA in A4 that contains all the spectral projections of ir c and let E : A4 — > .4 be a conditional expectation. Thus 
Pcti(£) = E(x) = ir c + iP(a;i m ). Since E is positive we know that E(xi m ) is self-adjoint and hence that E(x) 7^ 0. 
This contradicts that Ea = 0. A similar argument works if xi m 7^ 0. □ 

Lemma 2.4. Let (A4,(f>) be a von Neumann algebra with n.f. state and suppose that l^NQMisaW -subalgebra 
and E : M — > N is a projection of norm 1 satisfying o E — <f>. Then ef(A4, 0) > el(N, <p\^)- 

Proof. Let !Kj^ = L 2 (M, 4>\j^) Q "K and P-k m the orthogonal projection of "K onto JC/v"- Since E preserves it 
follows that {Ex)" = Pji M (x) Va: e M. Suppose a e JC ® is left-right A^-equi variant. Then letting Ea — 
E o a|— : "Km — > M we have as in the proof of Lemma 2.3 that Ea is left-right AA-equi variant. We would like to 
show that for Ea <G "Kj^ ® N. First note that for x e Af we have i^a;)^ = (Pkjv a;)^ . Hence for v € Jf^A, 
(Ea)(-)v = (Px M o a(-))v, so 

((Pa)(»|^ = (P^ ® P M J(( a (»|_J e ® JW. (6) 

Thus Ea e "Km ® M and ||Sa||fl-5 < ||a||j?s- A particular case of (6) is (Ea)" = (Pkv ® Pk u )&. Since Ea 
is left-right A/-equivariant we have ||(P° ® P° )a|| > ef(A/, 01 . ,)|((Pa)~, £ ® where of course Po is the 

orthogonal projection of J£ onto Jf^ = 'Km Q C£. But JC^ = Jfjvfl JC, so ||(P„ <g> Po > ||(P«, <g> P„ )d|| > 
ef(A/, 0^) I ((P^, ^ ® 01 = ef(A/, 0^)1 (<*, £ ® 01- D 
Theorem 2.5. Let (Af t ,0 t ), (t = 1,2,) be von Neumann algebras with faithful normal states, and let (A1,0) — 
(Mi, 0i ) * (M2, 02)- Suppose that the linear dimensions satisfy dim Alt > 2, (1= 1,2) and dimAli + dimA / J2 > 5 7 
and i/iai ef(A4i, 0i)ef(Al 2 , 02) > 1, (where • (+00) = 0j. T/ien M is a factor and 

T(M) = I(M,<f>) = /(Mi, 0i) n /(Al 2 , 2 ). (7) 

The proof follows from the following proposition. 

Proposition 2.6. Under the hypotheses of the above theorem, if u G M is a unitary such that o Ad„ = (i.e. u 
is in the centralizer, M<f,) and Ad u (A4 t ) C M L (1 = 1,2), then u e CI. 

Proof. Let us use the notation of §1 with index set / = {1,2}. Let AS = {s = (si,... ,s n ) £ \J m >i{l,2} m \ 
s j t^ 1 s j+iVl < j < n — 1} be the set of all alternating sequences of l's and 2's. For s = (s\ . . . , s n ) E AS let 

OOO o 

"K s = 3i Sl ® • • • (£> "K Sn C "K and let Po denote the orthogonal projection of "K onto J{ s . Suppose that u £ CI and 
consider mgM. We will obtain a contradiction by showing that \\P<, (u)\\ as s increases in length are too large for 
it to have bounded norm in 5f . 

o 

Let s = (si, . . . , s n ) e and suppose s\ = s n = k' and let k e {1, 2}\{fc'}. Suppose 7 G !K S , \\j\\ = 1. We 
define 

?Cfe ® 7 ® w fc = c 7 e (Jffc <g> 7) e (7 o © o 7 ® 

where "Kk 7 is the obvious subspace of "Kk ®"K S = etcetera. "Kk ®1® Kk is isometrically identified with 

%k ® by identifying 

7 with £ fc ® ^ fc 

o o 

J{fe(g)7 with M fe ® ^ fc 

o o 

7 <£> JCfe with £ k ® 
00 00 
JC fe (g)7 ® with J{ fc «)IH; fc . 
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Let Q 1 : Oi — > Oi k <8> Oik be the orthogonal projection from Oi onto Oik <8> 7 <8> IHfe followed by the above identification of 
JCfc (g> 7 (g> J£fc with IKfc (8) Jffe. One sees immediately that for a G Mk and (€ J{ one has Q 7 (7r(a)C) = (^(a) ® 1)Q 7 (C)- 

Lemma 2.7. For aeM and 7 as a&cwe iftere is a unique F^ a G (8) Af& given by 

(Fry,a,(r))v,w)x k = (av, Q*(r]® w))w = (<2 7 (au), 7? ® w)w k ®'K k Vn € % and v,w E 0i k , (8) 
identifying 0i k and Oik as sets and viewing Oik ^= -K- 

Proof. Clearly (8) defines a bounded operator F 7ia (r]) on iHfc for every 77 G iHfc. Also for every fixed v G Oi, F 7)0 (-)u 
is Hilbert-Schmidt and H-F-y^O^llifS — ll ai; ll- So it suffices to show that -F 7ja (ri) G Mk for every 77 G J{fe and every 

00 o 

a G Al. Consider a word b = b\b 2 ■ ■ ■ b m G M^M^ • • -Mt m , where t = (ti, . . . ,t m ) G AS. Then F 7; b is a simple 
tensor in Oik ® M k . Indeed, 

' (Si® •••<e>& m ,7> £® 1 iit = s 

(S 2 ® •••®6 m ,7) 61 1 ifi=(fc,s) 

^7,& = \ (Si® •• -0 6^-1,7) £®6 m if t = (s, fe) 

(6 2 ® • • • ® 6 m - 1>7) 6i®6 TO if t = (k, s, k) 

k otherwise. 

Hence if a is a linear combination of such words, then F 7;a G Affc- However the *-subalgebra of such linear 
combinations of words is dense in M, so an arbitrary a G M is the weak operator limit of a net (a\)\ e \ of them, 
and as is clear from (8), F lia (r)) is then the weak operator limit of {F liax (?7))AeA ; implying that F 7;0 G Alfc. This 
proves Lemma 2.7. □ 

Continuing with the proof of Proposition 2.6, let t l = Ad^]^ (t G {1, 2}). Since 4>\ M t l — </>| , there is a 
corresponding unitary V L G B(0i u ) given by V^6 = (r t (6))~ V6 G Al t . Note that V L £ L = £ t . One easily checks that 
Tr i ( n (a)) = VMa)V; Va G M L . 

Lemma 2.8. Let s and 7 be as above. Let G 7 — Tk o F 7; „ : — > Mk- Then G 7 G JCfc ® Alfc and G 7 is left-right 
Mk-equivariant. 

Proof. Clearly G 7 is bounded. Note that ||G 7 (?7)w|| = 1 1 V k F liU {ri)V k *v\ |, so ||G 7 (-)u||/rs = \\F 1 ^ u {-)V k *v\\HS and 
hence G 7 G Oi k <&M k and ||G 7 ||#s = ||-p7,«||j?s- To show that G 7 is left-right Affc-equi variant, for a G Mk, i] G 0i k 
and i>, w G CKfc we have 

(G 7 (7f(a)??)w,w) = (F liU (W(a)r])V k v,V k w) = (u(V k v),Q*(ir(a*)ri®{V k *w))) = (u(V k *v),ir(a*)Q*(ri®V k w)) = 
= (au(V k *v),Q;(r 1 ®V k *w)) = ((ut, 1 (a^v), Q*{r) ® V£w)) = (uV^av), Q 7 (r? ® V£w)) = 
= (F ltU ( V )V k *(av),V k *w) = (G 7 ( V )av,w), 

so G-y(w(a)r]) = G 7 (ry)a, i.e. G 7 is left-right Affc-equivariant. This proves Lemma 2.8. □ 
Lemma 2.9. There is s — (si, . . . , s n ) G ^45* with s\ — s n such that Pa (u) ^ 0. 

Proof. Since we supposed that u £ CI, there is t = (t\, . . . , t n ) G ^45 such that P. (it) 7^ 0. If t\ = t n we are done. 
If ii 7^ i« let fc = ti, k' — t n . We may suppose dimAJfe > 3. (If instead dimAffc' > 3 the same argument but 

o 

reflected will work.) Then there is 7 G 0i t >, where t' = (t 2 , ■ ■ ■ ,t n ), such that 

Q-y(u) = r{£ k ® 4) + Ci ® & + & C2 + X, 
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where re C, Ci 5 C2 <= ^k, X e "K k ® "K k and Ci 7^ 0. To prove the lemma it will suffice to show that X ^ 0, because 

then Pa (u) 7^ 0. Suppose for contradiction that X = 0. Then 

M(t,jt) 

(Gj(v)tk,w) = (Qy(u),ri® V k *w) = r{£k,ri){£k,w) + (&,V){€k,w) + (tk,v){VkC2,w), 

so G 7 (n)£ k = (r£k + (i,r))£k + (£fc, v)Vk(2 € (A4 fe )~ Vr? e CKfc. Hence V4C2 = &, some b E M k and 

G 7 = K fe +Ci) ® 1 +6 &• 

From the left-right .Mfc-equivariance of G 7 we have that 

aHk + Ci) ® 1 + a <g> 6 = (r£ fe + Ci) ® a + Cfe ® &a Va G (9) 

If b = then we can get a contradiction to (9) by choosing any a £ CI, (remembering that Ci 7^ and Ci _L If 
& 7^ then since dimA^ > 3 there is a e A4 k such that a _L £ k and a _L Ci- For this a, we have that the right hand 
side of (9) is an element of "K k <8> M k sending a e to zero while the left hand side sends a to some multiple of 1 
plus (a, a)b, which is nonzero, a contradiction. Hence X must be nonzero and Lemma 2.9 is proved. □ 

Lemma 2.10. Let s = (s\, . . . , s n ) G AS with s\ = s n = k' . Let k € {1, 2}\{k'} and t = (k, s\, s 2l ■ ■ ■ , s n , k). Then 
\\Po (u)\\>ef(M k ,<p k )\\Po (u)\\. 

Jit JXs 

o 

Proof. Let {7j}jej be an orthonormal basis for 3{ s . Then 



1 \% 1 2 = E 1 <^ fl > 1 2 = E 1 1 2 

ll^(«)ll 2 = ElK p ^ ^)Q 7 («)II 2 - 

But note that for 7 G {7j}jeJ, 

so ||Po, (w)|| 2 = SjeJ K^7>& ® Let W}agA be an orthonormal basis for JCfc. Then for 7 G {TjjjeJ, 



(10) 



J-C s 



k k , 



E l(G 7 ,«A®^)i 2 = ii(p^®p^)(G 7 )ir'' 



But since G 7 is left-right .Mfc-equivariant, we have by definition that 

1 1 (P. ®Po )(G 7 )|| 2 >cf(M fe ,^) 2 |(G 7 ,a®a>| 2 - 

Now use this together with (10) to prove Lemma 2.10. □ 

Proof of Proposition 2.6. Lemma 2.9 guarantees us that there is s = (si, . . . , s n ) € ^45 such that s\ = s n = k' and 
Po (u) ^ 0. Let k e {l,2}\{fc'} and 

t(iri) =: f/c ; Ai 7 ... , , . . . j , . . . . 1. 
s , ' s , " 

m times k' ,k m times k,k' 
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Then by Lemma 2.10, 



t(m) 



(u)\\ 2 <et{M k ,,<]> k ,y m et{M k ,<j>k) 



\2m\ 



Under the hypotheses of Theorem 2.5, this gives a contradiction to m e W. 



□ 



Proof of Theorem 2.5. To prove the factoriality of M it suffices to show that any unitary u that is in the center 
of M. must be a constant. However, such a unitary satisfies the hypotheses of Proposition 2.6, so is constant. To 
prove (7), suppose t e T(A4), i.e. at = Ad„, u £ M.. Of course at preserves (p, and by Theorem 1 we know that 
a t sends M L into A4 L (l = 1, 2), so again by Proposition 2.6 we must have that u is constant, so that t £ I(M,(j)). 
Thus T(M) = I(M, 4>). But also by Theorem 1 we have the last equality in (7). □ 

§3 Calculations. 

In this section we calculate the expansion factors of various algebras. Actually, the methods used here allow one, 
with a bit of work, to calculate ef(.M, (f) for any pair (Ai, <fi). But since Theorem 2.5 is sufficient but not necessary 
for factoriality, (see Remark 4.1), It would not be rewarding to compute ef(.M,<^) for the most general (Ai,(j>). We 
compute enough special cases to show (Lemma 3.2) that the hypotheses of Theorem 2.5 arc satisfied in gratifyingly 
many cases, and also to illustrate some of the limitations of Theorem 2.5, (see Remark 4.1). 



Lemma 3.1. Let A be a finite dimensional commutative algebra with faithful state (p. Suppose ei, 
minimal projections of A having traces <p{e b ) — \ u , (1 < t < n), with Ai > A 2 > • • • > A„ > 0. Then 



are the 



ef(A,<f>f = 1 + r£ ^ 



A 



2A, 



(11) 



where if Ai = \ we take the right hand side of (11) to be 1. 

Proof. We will use the method described in Remark 2.2 to calculate the expansion factor. Jf = L 2 (A,(f) has 
orthogonal basis {e L | 1 < t < n}. Hence every X £ "K <g> "K can be written X = 



,;=i 



CiJCl 



Since for X to 



be left-right A-invariant means (7r(e p ) ® 1)A" = (1 ® p(e p ))X, we see that c t j 
A-invariant if and only if it is of the form 



if l 7^ j and that X is left-right 



X 



t=i 



for c L £ C. Now in "K, ||e t || 2 = (j>(e L e L ) = A t and P^(e L ) = A t £, so 



Thus 



i.=i 



(P^7)(J) = ^cA(e®eJ, 
t=i 

n 

(/®P ? )(X) = ^cA(e t ®0> 
t=i 



\{P i ®P i ){X)\f = 

ii(p ? ®/xx)ii 2 = ]r| Ct i 2 A?, 

n 

||(/®P ? )(Af)|| 2 =5>| 2 A?, 
c L \ 2 Xl 



\X 



L=l 

n 

Ei 



\\{Po®Po){X)\\< 
J~l JT 



||X|| 2 - ||(P< ® 7)(X)|| 2 - ||(7® P ? )(A)|| 2 + ||(P £ ® P ? )(X)|| 5 



= 5>| 2 (A 2 -2A?) + £c t A 



t =i 



(12) 
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As remarked in 2.2, ef(A, (j>) 2 is the infimum of (12) as (c t )i< t <„ varies over C™, subject to the constraint 

n 

L = l 



(13) 



i.e. the infimum of 



(14) 



t=i 



subject to (13). 

When Ai < \, clearly V > 1 everywhere, and for the special case Ai = \ we can chose Ci = 4 and c t = for 
2 < /, < n to give V = 1, so the infimum equals 1, as required. We may thus assume henceforth that Ai ^ |. 

Let us show that it suffices to find the infimum of V subject to (13) for (c t )i< t < n € R n - Letting c L = a t , +ib L for 
a L , b L e R, it suffices to show that V = Y^=i ^?^(1 — 2A t ) is always non-negative when C — Y^l=i = 0. But if 
some such choice of (b L )i< L < n gives negative V , then multiples of them also satisfy C — and give V as large and 
negative as we please, enough to make V itself negative. This is a contradiction, since V, being the square-norm of 
a vector, must be nonnegative. Hence we may assume c t € R Vt. 

In order to use the method of Lagrange multipliers, we need to know that the infimum of V subject to (13) 
occurs at a relative minimum of V on the manifold defined by (13). For Ai < |, this is obvious, since it is then clear 
that V — > +oo as (c t )i< t <„ — > oo. For Ai > \ we proceed as follows. For s e R let V(s) denote the minimum value 
of V subject to (13) with the value of c\ fixed to be s. We will show that V(s) — ► +oo as s — > ±oo. It is clear that 
with ci fixed, V — ► +oo as (c t )2< t < n — » oo, so we may use the method of Lagrange multipliers to find V(s). We have 



dC _ 2 



(15) 



and 

so the value of V(s) occurs where 

for some r G R. From (13) we have that 



8V_ 

dc h 



2c t A?(l - 2A t ), 



, (2 < t < n) 



(16) 



2(1 -2A t ) 



/ n , 2 \ -1 



SO 



n ^l + ^(l-2A0 + ^Ef^ )2 



= l + s 2 A?(l-2A 1 ) + i(l-.sA?) 2 



A 2 



Kl-2A t ) 



= S 2 A?(l-2A l) + KAi E^TT 



A 2 ^ - 1 



^ 2(1 - 2A t ) 



+ lower terms in s. 



We must show that 
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i.e. 

\2 



A? 



i - 1 ^ 1 - 2\ K ' 



2A 

Consider the function f(t) = j-rgr One easily verifies that f(0) = and that on (0, f'{t) and f"(t) are strictly 
positive. Thus if £i, £2 € (0, |), ti < t 2 and ii + i 2 < 2 , then the point (ti + t 2 ,f(ti + t 2 )) lies above the line 
y = ^jf^-x, and the point (ii,/(fi)) lies below this line. Hence 

f(h) + f(t 2 ) < + /(*2) < + * 2 ). 

t2 



Consequently we have 



£t^-£/ms/(£*.)-/<i-*o-^ 



i=2 1 i=2 x t=2 

Thus to show (17) it suffices to show 



A? > (1-A 1 ) 



2 



2Ai - 1 2Ai - 1 ' 

but since Ai > |, this is true. We have thus shown that V(s) is a quadratic polynomial in s with positive leading 
coefficient, so V(s) — ► +00 as s — > ±00. 

We are now justified in using the method of Lagrange multipliers to find the minimum of (14) subject to the 
constraint (13). From (15) and (16) we see that the minimum value of V occurs when 



2(1 -2A t ) 



(1 < a < n) 



for some r e R. From (13) we get 



so the value of V at the global minimum is 



^2(l-2A t ) 



V„ 



1 + r 2Y-Af(l-2A t ) =1 r_ , T , L 

i + r Z. 4(1 _2A t ) 2 + 2 i+ ^ 1 _ 2At 



□ 



Lemma 3.2. Let M be a von Neumann algebra and <fi a faithful state on A4. If there are no minimal projections 
e £ M such that <j)(e) > \, then ef(M,(j)) > 1. 

Proof. We can write M = Ai ©-42, where A 2 is diffuse and where Ai has the property that every central projection 
contains a nontrivial minimal projection. (Thus Ai is a possibly infinite direct sum of type I factors.) Let ?£ t = 
L 2 (A b , 4>\ A ) (a = 1, 2), "K = L 2 (M, <j>) = "K\ ® "K 2 and consider a £"K® M that is left-right .M-equivariant. Let 
p £ M he the central projection 1 © 0. Then since a(if(p)r]) = a(r])p V77 £ 'K = Jfi © 5C 2 , we have that a — u\ © a 2 , 
where a t : r K l — > „4 t is left -right -4 t -equivariant. But a 2 = by Lemma 2.3. Thus (A4,<p) has the same expansion 
factor as what we get when we replace A 2 by a diffuse commutative von Neumann algebra, so we assume without loss 
of generality that A 2 is commutative. Then there is a commutative subalgebra fiCM having no minimal projections 
e £ B with 4>{e) > \ and a conditional expectation E : M — > B such that cf>o E — <j>. Indeed, since A\ is a direct sum 
of type I factors, we need only see that a type I factor Af with faithful state ip has a commutative subalgebra C £ Af 
and a ^-preserving conditional expectation of Af onto C. However, tp(-) = Tr(/i-), where Tr is a faithful trace on Af 
and where h £ Af is & positive trace-class operator, each of whose spectral projections is a finite projection. Let C 
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be the MASA containing all the spectral projections of h. Let (e t ) te / be the set of minimal projections of C and let 
E : J\f — > C be E(x) = ^2 LeI ip(e l xe l )e l . Then E is a ^-preserving conditional expectation. Thus we have shown 
the existence of commutative B as described above and a </>-preserving conditional expectation. So by Lemma 2.4, 
ef(.M, 4>) > ef(B, 4>\ B )- But B has a finite dimensional subalgebra Bo having no minimal projections e with (j)(e) > ^, 
and Bo is of course the image of a (/(-preserving conditional expectation E : B — > So, so applying Lemma 2.4 again 
yields ef(A4, 0) > ef(£?o, 0| eo )- An application of Lemma 3.1 now completes the proof. □ 

Lemma 3.3. Let A = M n (C) be the algebra of n x n complex matrices, containing a system of matrix units 
{e b j | 1 < l, j < n} and equipped with a faithful state </> such that 



K if i = j 

ifL^j, 



where Ai > A2 > • • • > A„ > 0. Then 



where we interpret the right hand side of the above equation to be 1 if Ai = -j=. 

Proof. The proof goes pretty much exactly as that of Lemma 3.1. The set {e L j | 1 < l, j < n} is an orthogonal 
basis for "K = L 2 (A, (j)), and an arbitrary element X e "K®'K is X = J2 L j k 1 c ujki&Lj <8> &ki- For X to be left right 
A-equivariant means (7r(e pg ) <g> 1)X = (1 ® p(e pq ))X, i.e. 

y ' c q,j,k,l&pj ® &kl — y ' c l,j,k,p&Lj ® &kq- 
l<j,k,l<n l<i,j,k<n 

Thus c h j t k,l = unless l = I and c p j,k, P = c q,j,k,g VI < p, q < n, so X e "K ® "K is left-right equivariant if and only if 
it is of the form 



for Cj,fc € C. In we have ||e st || 2 = (p(e* t e st ) = </>(e tt ) = A t and P^{e pq ) = c> pg A p £, so we get 



(P s ®P 6 )(X)=(j2c P , P \ P )t®Z, 

n 

(P 5 ® I){X) = J2 Cj.kXjii <8> e k j), 

n 

(I®P 6 )(X) = c j.,k^k(e kl ®0, 



\m®Ps)(x)\f 



xi °p,p\ 



P =i 



\\(Ps®i)(x)\f = I c ^i 2a ?' 



j,k=l 



j,k=i 



j,k=i 



\ x \\ 2 = X \ c j- k \ 2 ^2 x j\ = X i c J.fei 2 ^'' 

j',fe=l p=l j,k=l 



{Po®P„){X)f = \\Xtf 



0~C J~C 



I)(X)\f - ® P 5 )(A)|| 2 + ||(P 4 ® P ? )(X)|| 5 



= Y, |c J -, fe | 2 A J (l-A 2 -A^)+ $> P , P A 2 

j,k=l p=l 
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Now ef(A, 4>) 2 will equal the infimum of V = 1 + X^fc=i l c j,*=| 2 ^j(l — A 2 — ^fe) as ( c j,/c)i<j',fe<ri ranges over C™ 2 
subject to the constraint C — X^p=i c p,p^ P = 1- Note that if j ^ fc then since Aj + Afc < 1 we have A 2 + \\ < 1. 
Hence we may assume without loss of generality that Cj t k = if j ^ k, and rewriting c p . p = c p , we want to find the 
infimum of 

n 

V = l + Y / \c P \ 2 \(l-2X 2 p ) (18) 

P =i 

as (c p )i<p<„ ranges over C™ subject to the constraint 

n 

C = £>A£ = 1. (19) 
P =i 

When Ai < clearly V > 1 everywhere. For the special case Ai = we get V = 1 by setting ci = 2 and 
c p = for 2 < p < n. Thus the infimum is 1, as required, and we may henceforth assume that Ai ^ 

We can easily show that we may restrict ourselves to considering (c p )i< p <„ <G R™, exactly as we did in the proof 
of Lemma 3.1. 

Also as in the proof of Lemma 3.1, the infimum of V on the manifold defined by (19) clearly occurs at a local 
minimum if Ai < but we need to argue further to show this if Ai > Again let V(s) for s e R be the 
minimum of V on the manifold defined by (19) when ci is fixed to have the value s. We may clearly use the method 
of Lagrange multipliers to find V(s). We have 

£H <20) 



and 



so the value of V(s) occurs where 



for some r € R. From (19) we obtain 



— = 2c p A p (l-2A 2 ), (21) 



rA -^r, (2<p<n), 



2(1-2A 2 ) : 



Thus 



^( S ) = l + S 2 Al(1 _ 2A 2 )+r 2£_g 



Ap(l-2A^) 



p=2 

n n 3 

l + s 2 A l( l-2A 2 ) + Ir 2 £-A 



- 4(1 - 2A2) 2 
A 3 

(1-2A2) 



p=2 

V3 



1 + 8^(1 2Xf) + |(1 - *A 2 ) 2 2(1 _ P 2A2) j • (22) 



>=2 v p ; 

Now (22) is a quadratic polynomial in s, and the coefficient of s 2 is 

X 4 / " A 3 



p=2 



(1 - 2A2) 
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which we want to show is positive, i.e. 



>=2 

i.e. 

\3 n A 3 

2X\-l ^ 2 l-2\i p 

Consider the functions g(t) — jz^p- Just as we did in the proof of Lemma 3.1 for /, we can easily show that 
g(ti) + .9(^2) < g{ti + t 2 ) when ti,t 2 and t\ + t 2 are in (0, |). But then we have 

t T^i -±«» <- >(± V) - .(i - A,) = t^^- 

p=2 P p=2 >=2 7 \ ij 

So we would like to show that 

which works out to showing that the polynomial p(Ai) = — 2X\ + 4A 3 + X\ — 3A X + 1 > for -j= < Ai < 1. One finds 

that the roots of p(t) = arc t = x± ^J A ±^v ]_^ an j ^ e rca \ r00 t s are approximately —0.925 and 1.925. Since 
p(t) — > —00 as t — > ±00, this shows that p(Ai) > for < X\ < 1. Thus we are justified in using the method of 
Lagrange multipliers to find V. 

From (20) and (21) we have that 

Cp = W^xJ) C 1 ^") 

for some r e R, and hence from (19) we get 

/ n \3 \ -1 

\ ^ A P 

£ 2 (1-2A»), 

Thus from (18), the value of V at its global minimum is 

A 3 ^ - 1 



□ 



Examples 3.4. 

i) If A = C™ (n > 2) and is the state giving each minimal projection weight i, then 

ef(A, 0) 2 = 1 + («j3t) =n-l. 

ii) If A = M n (C) with r the normalized trace, then 

ef(A rf = 1 + ( n -^\ =n 2 -l. 

iii) If A = C C and is the state assigning to one of the minimal projections the value A > |, then 

-( ^ ) ._ 1 + (_^. + fl^)- , _o. 

iv) If A = M 2 (C), if is as described in Lemma 3.3 and if we write A = Ai G [5,1), then 

MAM* ^ \ ( X * V* A + A 2 -4A 3 + 2A 4 

ef(A, <t>) = 1 + — tt + 



1-2A 2 1-2(1 -A) 2 / 1-3A + A 2 +4A 3 -2A 4 ' 
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§4. Consequences and limitations of the main theorem. 
Remark 4.1. Factoriality. 

i) From the calculations in §3, see specifically Lemma 3.2, we see that the conditions of Theorem 2.5 are 
satisfied for algebras whose minimal projections are not too big. This may include "most" algebras of 
interest. However, Theorem 2.5 is a far from satisfactory answer to the question about factoriality. Indeed, 
consider (Ai,ip) = (C C, cf)) * (M 2 (C), r), where r is the trace-state on the 2x2 matrices and where <j) is 
the state on C 2 assigning to one minimal projection the weight A, \ < A < 1. From [D3] we have that M is 
a factor if and only if § < A < |. However, we have calculated (Examples 3.4i and 3.4iii) that 



ii) Consider the situation of Example 3.4iv, i.e. A = M2(C) with the state which we will denote <j>\. Figure 1 
is a plot of ci{A,4>\) versus A. We thus find that if A, fx e [5,1) and if (M,ip) = (A,<f>x) * (A, M ), then 
Theorem 2.5 implies that M is a factor for (A, /z) inside the region bounded be the curve in Figure 2. One 
might speculate that M. should be factor for all choices of A and /z, and that Figure 2 illustrates only the 
limitations of Theorem 2.5. 

Examples 4.2. Type Classification. 

i) Let (A4,(f>) and {Af,ip) be type III von Neumann algebras, each with separable predual. Then their free 
product von Neumann algebra is a type III factor. 

ii) More generally, if (A, <j>) and {B, ip) are any von Neumann algebras having separable preduals and such that 
<p and ip are normal faithful states, one of which is not a trace, and if A (respectively B) has no minimal 
projections e such that <p(e) > \ (respectively ip(e) > |), then the free product von Neumann algebra A* B 
of (A* B,4>* ip) is a type III factor. 

iii) If in the above case we assume that ip is a trace, then T(A * B) = I (A, <p). 

iv) If (M.,<f>) and (Af,ip) are factors with separable preduals and having types III^ and III^, respectively, with 
< A, /z < 1, and if either A = 1 or it = 1, or if In A and In /z are not rationally related, then the free product 
of M. and M is a factor of type IIIi or type IILj. If In A and ln/z are rationally related, then M. is either 



Proof. Since, given two von Neumann algebras having separable preduals, their free product von Neumann algebra 
is faithfully represented on a separable Hilbert space, it too has separable predual. We know from Theorem 2.5 and 
Lemma 3.2 that the free product von Neumann algebras in the cases given above are factors, so their T-invariants 
being not R implies that the factor is type III. To prove iii), note that the modular automorphism group defined 
with respect to a trace is the identity, so I(B, ip) = R. In the cases described in part iv, we have clearly that the 
T-invariant of the free product factor equals {0}, implying that the factor is type IIIi or IIIq. □ 

If M. has scmifinite trace Tr and if <j> is a normal faithful state on M. having density h e A4+, i.e. <j>(x) = Tr(hx), 
then ([T], p. 98), the modular automorphisms group is given by crf(x) = u(t)xu(—t) where u(t) = h lt . Thus 
T(M) = R and I(M,4>) = {t <E R | h lt e CI}. For the case of n x n matrix algebras, let (A, <f>) be as described in 
Lemma 3.3, and let Tr be the trace on M„(C) such that Tr(e tt ) = 1. Then the density h is the diagonal matrix with 
diagonal entries Ai , A2, . . . , A„ . Hence 




and thus only in the case A 



i does Theorem 2.5 imply that Ai is a factor. 



type III,, or type III , where < v < 1 is such that 1 2 ^Z = ] 2 ^Zn T !^Z. 
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So if 4> is not a trace then 

{2<t<n|A^Ai} V 



To make a connection with F. Radulescu's work in [R5], for the state ip\ on M2(C) (described in the introduction), 
we get from (23) that J(M 2 (C),Va) = ^ifj 2 - Thcn Theorem 2.5 implies that for (M,4>) = (M 2 (C), Va) * (£(Z), r), 
where r is a faithful trace on the diffuse Abelian von Neumann algebra L(Z), we have that M is a type III factor 
and that T(M) = A Z, so that At is either type IIIa or type III . Radulescu has shown that it is type IIIa and 
has further described M. in terms of a discrete decomposition for it. 

When the conditions of Theorem 2.5 are satisfied for a free product of algebras with states for which we can 
compute the /-invariants, we can use (23) and (7) to make conclusions about the A-classification of the free product 
factor, similarly to what we did in Example 4.2iv. For example, in the notation of the previous paragraph, if 
(A4, 4>) = (M2(C), * (M S (C), ipn), then we can as in Remark 4.1ii decide when the conditions of Theorem 2.5 are 
satisfied, (note that ip\ — (py, where A' = ^xx)- Suppose the conditions of Theorem 2.5 are satisfied. If In A and ln/x 
are not rationally related, then M. is either type IIIi or type IIIo- If In A and ln/u are rationally related, then M. is 
either type III„ or type III , where < v < 1 is such that 1 |^Z= 1 ^Zn T ^Z. 
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